Abstract. In this paper, we study tropicalisations of families of curves with a singularity in a fixed point. The tropicalisation of such a family is a linear tropical variety. We describe its maximal dimensional cones using results about linear tropical varieties from [1] and [5] . We show that a singularity tropicalises either to a vertex of higher valence or of higher multiplicity, or to an edge of higher weight. We then classify maximal dimensional types of singular tropical curves. For those, the singularity is either a crossing of two edges, or a 3-valent vertex of multiplicity 3, or a point on an edge of weight 2 whose distances to the neighbouring vertices satisfy a certain metric condition. We also study algebraic preimages of our singular tropical curves.
Introduction
Fix a non-degenerate convex lattice polygon ∆ ⊂ R 2 and denote by A = ∆ ∩ Z 2 the lattice points of ∆. For any field K there is a toric surface Σ = Tor K (∆) associated to ∆ and it comes with the tautological line bundle L ∆ generated by the global sections {x i y j : (i, j) ∈ A}. The torus (K * ) 2 is embedded in Σ via
and inside the torus the elements in the linear system |L ∆ | are defined by the equations
|L ∆ | contains a nonempty linear subsystem Sing K (∆) of curves with a singularity at the point p = (1, 1). The equations for this subsystem are the linear equations f a (p) = 0, ∂f a ∂x (p) = 0, ∂f a ∂y (p) = 0.
In this paper, we describe the geometry of Trop(Sing K (∆)), the tropicalisation of Sing K (∆), as a tropical variety (i.e. a balanced fan) in R s−1 = R A /(1, . . . , 1) · R (where s = #A) and we analyse the underlying tropical curves (i.e. the tropicalisations of the singular algebraic curves C ∈ Sing K (∆)). In order to be able to tropicalise we have to use an algebraically closed field K with a valuation val : K * −→ R whose value group is dense in R, e.g. the algebraic closure C(t) of the field of rational functions over C, or C{{t}} the field of Puiseux series, or a field of generalised Puiseux series as in [7] . In each of these cases the elements of the field can be represented by generalised power series of the form p = a 1 t q1 + a 2 t q2 + . . .
with complex coefficients and real exponents, and the valuation maps p to the least exponent q 1 whose coefficient a 1 is non-zero.
For an ideal I ⊂ K[x 1 , . . . , x n ] determining an affine variety V = V (I) ⊂ K n we define the tropicalisation of V to be Trop(V ) := {(− val(x 1 ), . . . , − val(x n )) | (x 1 , . . . , x n ) ∈ V (I) ∩ (K * ) n },
i.e. we map V componentwise with the negative of the valuation map and take the topological closure in R n . If the ideal I is homogeneous and defines a projective variety, we may consider Trop(V ) modulo the linear space (1, . . . , 1) · R, i.e. we identify Trop(V ) with its image in R n /(1, . . . , 1) · R.
In our paper, we use this definition in two situations:
• The constant coefficient case: Assume I is generated by polynomials in C[x 1 , . . . , x s ], then Trop(V (I)) is a subfan of the Gröbner fan of I (see [2] ). We will in fact only consider the situation where I is generated by linear forms. In this case, the tropicalisation is called the Bergman fan of I and has been well-studied e.g. in [5] and [1] . We describe it further in Section 3.1.
Note that since I is homogeneous, we will consider Trop(V (I)) as a fan in R s /(1, . . . , 1) · R. Let us now give an example for the tropicalisation of a singular curve.
Example 1.1
We consider the polynomial f = xy 2 − tx 2 − (2 + t 3 ) · xy + (1 + 2t + t 3 ) · x + t 3 y − (t + t 3 ) ∈ K[x, y].
One easily verifies that p = (1, 1) ∈ (K * ) 2 is a singular point of the curve V (f ). f defines a curve in the toric surface Tor K (∆), where ∆ is as in the left hand side of Figure 1 . The tropicalisation of V (f ) is shown in the right hand side of Figure  1 . The singularity p = (1, 1) tropicalises to x 0 = (0, 0). It sits precisely in the middle of an edge of weight two, i.e. it has the same distance to both neighbouring vertices. This metric condition and the fact that the edge has weight two are no coincidences, they are a general phenomenon, as we will see in Section 4.
Since Sing K (∆) is given by a linear ideal (see also Section 3), we can use results of [1] and [5] to study its tropicalisation Trop(Sing K (∆)). We classify the maximal cones of this tropical variety. Section 4 presents our main result, the classification of singular tropical curves of maximal dimensional type (for a definition of maximal dimensional type, see Subsection 2.2). We show that the singularity of such a tropical curve of maximal dimensional type is either a crossing of two edges, or a 3-valent vertex of multiplicity 3, or a point on an edge of weight 2 whose distances to the neighbouring vertices satisfy a certain metric condition. We also study algebraic preimages of our singular tropical curves, and in particular we thus give a conceptual explanation for the metric condition mentioned above. Moreover, we give suggestions how the singular tropical curves should be interpreted as parametrised tropical curves.
Note that our result does not depend (up to shift) on the choice of the singular point, as long as it is a point in the torus (K * ) 2 (see Remark 3.1 and 3.2).
The paper is organised as follows. In Section 2 we repeat well-known facts about the secondary fan and its connection to tropical curves. We study the dimension of cones of the secondary fan in Subsection 2.1. We define the dimension of types of tropical curves in Subsection 2.2. In Section 3, we introduce the family of curves with a singularity in a fixed point and its defining ideal. We repeat facts about tropicalisations of linear ideals in 3.1 and study the top-dimensional cones of Trop(Sing K (∆)) in 3.2. We relate these top-dimensional cones to cones of the secondary fan in Subsection 3.3. We study the connection of Trop(Sing K (∆)) to the tropical discriminant in 3.4. In Section 4, we present our main result: the classification of singular tropical curves of maximal dimensional type. As noted above, our result does not depend on the singular point, as long as it is in the complex torus. We study what happens if we move the point to a coordinate line in Section 5. In Section 6 finally, we study algebraic preimages of singular tropical curves and suggest how the latter can be interpreted as parametrised tropical curves.
We would like to thank Eva Maria Feichtner, Joaquim Roé, Tim Römer and Kirsten Schmitz for valuable discussions.
The secondary fan and its relation to plane tropical curves
Here, we repeat shortly some basic definitions. For more details, see [6, Chapter 7] or [8] . In the case of plane tropical curves, we can conclude from Kapranov's theorem that Trop(V (f )) is a piece-wise linear graph in R
2 . An important fact is that this graph is dual to a subdivision of the Newton polygon ∆ = conv{(i, j) | a ij = 0} of f .
A marked polygon is a 2-dimensional convex lattice polygon Q in R 2 together with a subset A of the lattice points Q ∩ Z 2 containing the vertices of Q.
A marked subdivision of a polygon ∆ is a collection of marked polygons,
. . , k, and
We do not require that
Definition 2.1
We define the type of a marked subdivision to be the subdivision, i.e. the collection of the Q i , without the markings. Figure 2 shows an example of a marked subdivision and its type. The subset of lattice points which are marked in each Q i are drawn in black, the lattice points ∆∩Z 2 which are not marked are white. We will stick to this convention throughout the paper. For a finite subset A of the lattice Z 2 we denote by R A the set of vectors indexed by the lattice points in A. A point u ∈ R A induces a marked subdivision of ∆ by considering the convex hull of
in R 3 , and projecting the upper faces onto the xy-plane. A lattice point (i, j) is marked if the point (i, j, u ij ) is contained in one of the upper faces. Marked subdivisions of ∆ obtained in this way are called regular or coherent. We say two points u and u ′ in R A are equivalent if and only if they induce the same regular marked subdivision of ∆. This defines an equivalence relation on R A whose equivalence classes are the relative interiors of convex cones. The collection of these cones is the secondary fan of ∆.
Marked subdivisions of ∆ are dual to plane tropical curves (see e.g. [8, Prop. 3.11] ). Given a point u ∈ R A it defines a plane tropical curve C F as the locus of non-differentiability of the tropical polynomial
and it defines a regular subdivision of ∆. Each marked polygon of the subdivision is dual to a vertex of C F , and each edge e of a marked polygon is dual to an edge E of C F . Moreover, the edge E is orthogonal to its dual edge e. Finally, the edge E is unbounded if and only if its dual edge e is contained in the boundary of the polygon ∆. The weight of an edge E is equal to #(e ∩ Z 2 ) − 1.
The duality implies that we can deduce the type of the marked subdivision from the plane tropical curve C F , but not the markings. To deduce the markings, we need to know the coefficients u ij .
Obviously, the vector (1, . . . , 1) is contained in the lineality space of the secondary fan. Therefore we can mod out this vector and consider the resulting fan in R s−1 = R A /(1, . . . , 1) · R with s = #A. We have seen above that every point in R A defines a tropical curve via the tropical polynomial max{u ij + i · x + j · y}. Of course, adding 1 to each coefficient u ij does not change the tropical curve associated to this polynomial. Hence if we consider R A as a parametrising space for tropical curves, it makes sense to mod out (1, . . . , 1) · R, and we will do so in what follows. By abuse of notation, we call the fan in R s−1 that we get from the secondary fan in this way also the secondary fan.
The dimension of cones. Let
be the space of affine relations among the lattice points (i, j) of ∆. For any l, let
be the space of affine relations among the elements of A l . Let L T be the sum
Lemma 2.2
The codimension of the cone of the secondary fan corresponding to the marked subdivision T equals dim(L T ).
In particular, a cone in the secondary fan corresponding to a marked subdivision is top-dimensional if and only if the marked subdivision is a triangulation, i.e. all polygons Q i are triangles and in each Q i no other point besides the vertices is marked.
For a proof, see [6, Corollary 2.7] . Then L A2 is set of vectors in L where the fourth and the fifth component vanish, and it is thus the zero space, while in L A1 the first component has to vanish and it is thus generated by (0, 1, 0, −2, 1). We get
and the codimension of the cone in the secondary fan corresponding to the marked subdivision T is one.
Remark 2.4
A cone in the secondary fan is of codimension one if and only if exactly one of the A i of the corresponding marked subdivision contains a circuit and it contains exactly one circuit. Here, a circuit is a set of lattice points that is affinely dependent but such that each proper subset is affinely independent. Figure 4 shows all types of circuits that can appear for point configurations in the plane together with some marked subdivisions of codimension one.
(A) (B) (C) Figure 4 . Planar circuits and marked subdivisions of codimension one 2.2. The dimension of types of tropical curves. Given a tropical curve C, we have seen above that it is dual to a type α = {Q 1 , . . . , Q k } of a marked subdivision. We call α also the type of the tropical curve. We can parametrise all tropical curves of a given type by an unbounded polyhedron in R 2+b where b denotes the number of bounded edges of C. This is true because we can move the curve in the plane, and we can change the lengths of the bounded edges without changing the type. However, the lengths cannot be changed independently if the tropical curve is of genus g ≥ 1. We get 2g (not necessarily independent) equations in R 2+b that tell us that the loops of C have to close up. We define the dimension dim(α) of a type α to be the dimension of the parametrising polyhedron.
For the following lemma recall that we consider the secondary fan of ∆ as a fan in R A /(1, . . . , 1) · R.
where C T denotes the cone of the secondary fan corresponding to T .
Equality holds if and only if in T all lattice points of ∆ are marked, i.e. there are no white points.
Proof:
To a point u ∈ C T with representative u ∈ R A we associate a tropical polynomial max{u ij + ix + jy} and thus a tropical curve of type α. If we fix one of the polygons in T and assign to the tropical curve the coordinates of the vertex corresponding to this polygon and the lattice lengths of the b bounded edges, we get a map
from C T to the parameter space of the type α. This map is given by rational functions, since the coordinates of the vertices of the tropical curve and thus the lattice lengths of the edges are solutions of systems of linear equations of the form u ij + ix + jy = u kl + kx + ly.
We have to show that Φ S is a bijection onto the polyhedron parametrising the type α if S is the subdivision of type α where all lattice points are marked. Then dim(α) = dim(C S ) in this case, and if T is any other subdivision of type α then C S lies in the boundary of C T and has strictly smaller dimension.
Every tropical curve of type α comes from a point u (i.e. is the tropical curve associated to the tropical polynomial max{u ij + ix + jy}) which has to be inside a cone of the secondary fan corresponding to a marked subdivision of type α. Assume now there is a lattice point which is not marked in this subdivision. That means that the corresponding term in the tropical polynomial can never be the maximum. Therefore we can vary the coefficient without changing the tropical curve, until it reaches the upper faces of the convex hull of {(i, j, u ij )} ⊂ R 3 . Thus every tropical curve of type α comes in fact from a point u inside the cone C S corresponding to the subdivision of type α where all lattice points are marked. This shows that Φ S is surjective.
In order to see that Φ S is injective it suffices to show that the tropical curve defined by max{u ij + ix + jy} determines the class u of u in C S uniquely, since the polyhedron associated to the type α parametrises the tropical curves of type α.
The vertices of the tropical curve are the solutions of a system of linear equations of the form
with an invertible coefficient matrix defined by an arbitrary choice of three vertices of the polygon dual to the vertex of interest in the tropical curve. The solution thus determines the inhomogeneity of the system, i.e. the u ij for (i, j) a vertex in a fixed polygon Q k of S are determined up to a common summand. Since each polygon Q i shares a vertex with some other Q j , this shows that the u ij corresponding to vertices of some Q k are all determined up to a common summand. If (i, j) is a lattice point in Q k which is not a vertex of Q k , then u ij is determined by the u mn corresponding to vertices of Q k , since (i, j, u ij ) is supposed to be visible in the upper face which projects to Q k . But then u ij is determined up to the same summand as the u m,n . Altogether this shows that u is determined by the curve up to adding a multiple of (1, . . . , 1), and the class u is determined uniquely.
3. The tropicalisation of the family of curves with a singularity in a fixed point
Fix a non-degenerate convex lattice polygon ∆ and set A = ∆∩Z 2 = {m 1 , . . . , m s }. The closure of the image of the map
is a toric surface Σ = Tor K (∆) and the hyperplane sections are the closure of the images of the curves in (K * ) 2 given by
with a = (a 1 , . . . , a s ).
The linear equations in the a i for the family Sing K (∆) of such curves with a singularity in the fixed point p = (1, 1) are
or equivalently we can say that the family Sing K (∆) is the kernel of the 3×s matrix
Notice that A is just the matrix of our point configuration, after raising the points on the {t = 1}-plane in R 3 , if we choose the coordinates (t, x, y) on R 3 .
We want to study the tropicalisation of ker(A),
Remark 3.1 If we choose a different point (p, q) ∈ (C * ) 2 and consider the family of curves with a singularity in (p, q), then the coefficient matrix A of the above linear equations changes. More precisely, it will be multiplied from the right by a diagonal matrix
the new matrix, then the minors of A(p, q) differ from the minors of A only by certain factors, and each of these factors is a monomial in p and q since the columns in A(p, q) differ from the corresponding columns of A only by factor which is a monomial in p and q.
However, the matroid of A(p, q) is determined by the question which minors of A(p, q) vanish and which do not. So the matroids of A and of A(p, q) coincide. The tropical variety Trop(ker(A)) respectively Trop(ker(A(p, q)) depends only on the matroid of A respectively of A(p, q) (see [13] , § 9.3). Thus, the tropical variety of ker(A(p, q)) is independent of the chosen point (p, q) ∈ (C * ) 2 .
We are grateful to Joaquim Roé for pointing out the following:
(∆) of curves with a singularity at the point (p, q) tropicalises to a shift of the tropical variety Trop(ker(A)) we describe. This is true since a curve f a is singular at (p, q) if and only if f ΨA(p,q)·a is singular at (1, 1). Thus we have a map from Sing
, and the tropicalisation of this map is a shift.
The tropicalisation of ker(A). Let us now study the tropicalisation of ker(A).
As remarked in the introduction, we consider this tropical variety as a fan in R s /(1, . . . , 1)·R. By Section 2.5 of [12] , the fan is balanced. To study Trop(ker(A)), we use the following known results about the tropicalisation of linear spaces.
It was observed in [13] , § 9.3, that the tropicalisation of a linear space ker(A) depends only on the matroid M associated to the matrix A. By [5] , this matroid can be specified by its collection of circuits, which are the minimal sets arising as supports of linear forms vanishing on ker(A) (resp. minimal sets arising as supports of elements in the row space of A). Equivalently, these are minimal sets {i 1 , . . . , i r } ⊂ {1, . . . , s} such that the columns b i1 , . . . , b ir of a Gale dual B of A are linearly dependent. A Gale dual is a matrix B whose rows span the kernel of A. Thus we can also describe the matroid associated to A as the matroid of the point configuration given by the columns of a Gale dual of A.
Proposition 2.5 of [5] states that the set of all w ∈ R s such that M w (the matroid of bases σ of M for which i∈σ w i is maximal) contains no loop equals the tropicalisation of the linear space ker(A). In [1] the set of all w such that M w contains no loop is called the Bergman fan of the matroid M . Given u ∈ R s , let F (u) denote the unique flag of subsets
In particular,
The weight class of a flag F is the set of all u such that F (u) = F . We can describe weight classes by their defining equalities and inequalities.
For example, the set of all vectors u satisfying u 3 < u 1 = u 4 < u 2 defines a weight class in R 4 . It corresponds to the flag {3} ⊂ {1, 3, 4} ⊂ {1, 2, 3, 4}.
A flag F is a flag of flats of the Gale dual B of A respectively of the associated matroid M if the linear span of the vectors {b j | j ∈ F i } contains no b k with k / ∈ F i . As before, the vectors b j denote the columns of a Gale dual of A. Theorem 1 of [1] states that the Bergman fan of a matroid M is the union of all weight classes of flags of flats of M . This result also follows from Theorem 4.1 of [5] .
As a consequence, we can study our tropical linear space by studying weight classes of flags of flats of a Gale dual of A.
Construction 3.3
Choose three points of A which are affinely independent Then we can perform Gaussian elimination with the matrix A making the columns corresponding to these three points the columns with pivots. To the point configuration in threespace given by the columns of A, this Gaussian elimination has the effect of an affine transformation. Denote by m i the i-th column of the transformed matrix A. To simplify notation, we will assume without restriction that the three points we chose are m 1 , m 2 and m 3 .
Remark 3.4
Before we made the transformation from Construction 3.3, all columns of A lived on the {t = 1} plane. Since the three special points are transformed to m 1 = (1, 0, 0), m 2 = (0, 1, 0) and m 3 = (0, 0, 1), the point configuration now sits on the {t + x + y = 1} plane spanned affinely by these three points.
Performing this Gaussian elimination makes it easy to read off generators for the kernel of the matrix, and thus a possible Gale dual.
Example 3.5
Let A be the point configuration in Figure 5 . Then A is the matrix We choose the first three points -(0, 0), (1, 0) and (0, 1) -to be the three special points in Construction 3.3. After performing Gaussian elimination, the matrix reads:
From this, we can easily read off a basis of the kernel.
Note that by construction, the negative of the first three entries of the i-th row are just the coordinates of the transformed point m i+3 . In such a Gale dual we now want to find flags of flats, i.e. flags of s − 3 subspaces
, where each V i is generated by a subset of the column vectors b j of the Gale dual indexed by the set F i , and the vectors {b j | j ∈ F i } are all the column vectors of the Gale dual that are contained in the subspace V i . In particular, F s−3 = {1, . . . , s}. We set F
i must of course consist of at least one element j. Since we have s vectors in total, we have 3 "extra" vectors that can a priori belong to any of the F ′ i . In the next lemma, we show that in fact we do not have that much choice. Let us consider case a) first. In {b r | r ∈ F s−4 }, we are missing just one of the unit vectors, say b j+3 = e j . Then the 2 special vectors which are also part of {b r | r ∈ F s−4 } must both have zeroes in the j-th component, or the dimension would be bigger than s − 4. The j-th components of the two special vectors are two of the coordinates of the point m j+3 . Thus without restriction m j+3 = (a, 0, 0) for some number a. But remember that the points m i are all in the {t + x + y = 1} plane by Remark 3.4, thus a = 1. But then m j+3 = m 1 = (1, 0, 0) which is a contradiction.
Let us now consider case b). Now we are missing two of the unit vectors in {b r | r ∈ F s−4 }, say b j+3 = e j and b k+3 = e k (resp. again just one). The three special vectors b 1 , b 2 , b 3 must have two linearly dependent rows in the j-th and k-th component, or the dimension would be bigger than s − 4 (resp. they must all have a zero in some row which cannot be true since this row lives in the {t + x + y = 1} plane). But both rows again are the coordinates of the points m j+3 and m k+3 . Both points live in the {t + x + y = 1} plane, so if they are linearly dependent, they are equal which is a contradiction.
We conclude that for each flag of flats, #F Hence we have shown that F s−4 = {1, . . . , s} \ {1, 2, d} and thus #F . Then these points get the highest weight. Consequently, the triangle resp. quadrangle which is the convex hull of the circuit is part of the marked subdivision corresponding to any u in the weight class. Besides, in the tropical polynomial which has u as coefficients, the four terms corresponding to the four points have the same coefficients. The vertex dual to the triangle resp. quadrangle is at the point (x, y) where the maximum is attained by those four terms, in particular the four terms are equal at this vertex. That means, we can set the four terms equal and solve for x and y to get the position of the vertex. But since the coefficients are all equal, we get x = y = 0 when solving.
Thus the dual tropical curve has the point x 0 = (0, 0) as a vertex of multiplicity strictly larger than one (corresponding to a triangle with an interior point, and thus of area bigger 1/2), or it has a 4-valent vertex at (0, 0) (see Figure 6 ). Unfortunately, we cannot say much about the subdivision in this case. We can only be sure that the edge through m a , m b and m d will be part of the subdivision. In the dual picture, this means we can see an edge of weight at least 2. Furthermore, this edge must pass through the point x 0 = (0, 0). The latter can be seen again by solving for the coordinates (x 1 , y 1 ) and (x 2 , y 2 ) of the two vertices adjacent to this edge. Since the heights of the three points m a , m b and m d are equal, it follows that the line of which the dual edge is a segment passes through (0, 0). Since the height of any point which belongs to an adjacent polygon of the edge through m a , m b and m d is below the height of these, it follows that x 1 < 0 and x 2 > 0 (or vice versa) (see Figure 7) . This weight vector is in the weight class
which comes from the flag indexed by {h} {h, f } {h, f, g} {h, f, g, c, e} {h, f, g, c, e, a, b, d}.
In the picture, we can see the marked subdivision induced by u. Note that the point m c is not part of a polygon adjacent to the edge through m a , m b and m d .
A general point in a weightclass satisfies only the equalities given by the corresponding flag of flats, and strict inequalities otherwise. We can describe lower dimensional cones of the tropical variety Trop(ker(A)) by forcing some of the inequalities to become equalities. Here, we restrict ourselves to the classification of top-dimensional cones. A) ) and the secondary fan. We have seen above that all the subdivisions we get in our family contain a circuit (either as a polygon Q i , or as the face of a polygon Q i ). Hence the tropical variety Trop(ker(A)) lives inside the codimension-1-skeleton of the secondary fan. Furthermore, no weight class belonging to a flag of flats of type (a) of Subsection 3.2 contains the lineality space of the secondary fan. The following lemma then shows that in a sense it is just the lineality space which is missing to pass from the cone of a weight class to a codimension one cone of the secondary fan.
Trop(ker(
Remember that we have mod out the vector (1, . . . , 1) already. But the secondary fan still contains a 2-dimensional lineality space L spanned by the vector consisting of the x-coordinates of the points m i , and the vector consisting of their y-coordinates. This is true because if we incline the heights u i of the points (m i , u i ) by a fixed multiple of the x-coordinates of the m i respectively of the y-coordinates of the m i , we do not change the projection of the upper faces of the convex hull. Then the union of all weight classes C F of flags of flats F of B that end with F ′ s−4 = {a, b, c, d} (where again we use the notation from 3.6) plus the lineality space L of the secondary fan of ∆ equals the union of all codimension one cones C T of the secondary fan of ∆ corresponding to subdivisions T that contain this circuit, i.e. 
Proof:
We have seen in our Classification 3.2 that the marked subdivision of a vector u in any weight class corresponding to such a flag of flats contains the circuit as a polygon. Thus " ⊂ ′′ is obvious. Pick any u in C T , then we can write it as a sum of a vector in the lineality space and a vector that satisfies that the heights of the four points m a , m b , m c and m d are equal and highest among all heights. This shows " ⊃ ′′ .
Note also that the statement makes sense dimension-wise: The secondary fan is of dimension s − 1 and the codimension 1 cone C T of dimension s − 2. Our tropical variety Trop(ker(A)) is of the same dimension as the "classical" variety ker(A) which is s − 4-dimensional, since it lives in projective space of dimension s − 1 and is given by 3 independent equations.
Remark 3.11
Next we want to understand the cones of the secondary fan of ∆ which correspond to flags of flats respectively weight classes of type (b) in the Classification 3.2. Let us thus assume that we have such a flag F of flats with F If Q is spanned by m a , . . . , m e then the cone C T is in the boundary of the cone C S for a subdivision S as shown in Figure 10 , where four of the lattice points form a quadrangle. Such quadrangles where already considered in Lemma 3.10, and thus together with the cone C T the weight class C F ⊂ C T is contained in the boundary of cones of the secondary fan belonging to weight classes of type (a). In any case it is not necessary to consider these weight classes in order to get a full picture of the codimension one cones of the secondary fan of ∆ fixed by the weight classes of type (a) or (b). • -if Z is not contained in the boundary of ∆, the union on the right is the union of all codimension one cones C T of the secondary fan of ∆ that correspond to subdivisions T containing Z; -if Z is contained in the boundary of ∆, then the union on the right is the union of all codimension one cones C T of the secondary fan of ∆ that correspond to subdivisions T containing Z, except those T for which the triangle containing Z has its third vertex at a point of minimal distance from Z. Figure 11 shows part of a triangulation corresponding to one of the codimension one cones we throw out of the union if Z is contained in the boundary of ∆.
Proof:
The proof is analogous to 3.10. If u is a vector in one of the weight classes we chose, ∆ Q Figure 11 . Triangulations we have to throw out then u induces a subdivision containing Z. If Z is in the boundary of ∆, the two points m e and m c have to be on one side of the line through Z. We have to show that the polygon containing Z is not a triangle with its third vertex at minimal distance. One of the points of m e and m c has to be at a non minimal distance, since we assume that they do not sit on a line parallel to the line through Z. Conversely, we can write a vector u in C T as a sum of a vector in the lineality space and a vector that satisfies that the heights of the three points m a , m b and m d are equal and highest, and that there are two points which are not on the line through Z whose heights are equal and the highest among all points which are not on the line through Z. To do this, assume without restriction that Z is on the line {x = 0}. We can write u as a sum of a multiple of the vector of y-coordinates of the m i and a vector u ′ such that u Figure 12 . Note that since Z is part of the subdivision, o 0 must be the height of the points of Z. Even more, since Z is part of the subdivision, the point (0, o 0 ) will be above each line through two points (k, u 1, 1) . This helps to express every point in the discriminant as the image under Horn uniformisation of a tuple consisting of a point in ker(A) and a point in the torus. Notice that the rowspace of A equals the lineality space L of the secondary fan of the point configuration. In the previous Section, we have described what cones of the secondary fan we get if we add this lineality space to our tropical variety Trop(ker(A)). Thus our result can also be seen as a description of the tropical discriminant. It follows that the tropical discriminant of a plane point configuration is a subfan of the secondary fan and consists of all closed codimension one cones of the secondary fan except the ones involving a circuit Z consisting of three points on the boundary of ∆ such that the triangle containing Z has its third vertex at a point of minimal distance of Z. This description of the tropical discriminant was known before (see 11.3.9 of [6] ). There, ∆-equivalent triangulations of the secondary fan are classified. Two triangulations are ∆-equivalent, if their corresponding cones lie in the same top-dimensional cone of the Gröbner fan of the discriminant. Since the tropicalisation of the discriminant equals the codimension 1-skeleton of the Gröbner fan, this means that two neighbouring triangulations are ∆-equivalent if and only if the codimension 1-cone that they meet in does not belong to the tropical discriminant. The only codimension 1-cones of the secondary fan which do not belong to the tropical discriminant are the ones containing a circuit Z of three points on the boundary such that the triangle containing Z has its third vertex at a point of minimal distance of Z. Hence two neighbouring triangulations are ∆-equivalent if and only if we can go from one to the other by a modification along such a circuit.
4. Classification of tropical curves of maximal dimensional type with a singularity in a fixed point
We can say more if we restrict ourselves to tropical curves of maximal dimensional type.
We have seen in Lemma 2.5 that the dimension of a cone C T of the secondary fan equals the dimension of its type if and only if the marked subdivision T has no white points. Thus we can get tropical curves of maximal dimensional type only if we restrict ourselves to marked subdivisions corresponding to cones of smallest codimension and without any white points. Note that in the Case (b) of Classification 3.2, top dimensional cones of Trop(ker(A)) can also partly live in cones of codimension two of the secondary fan (see also Remark 3.11). This is true because the two gray points m c and m e can be on a line which is parallel to the circuit Z = {m a , m b , m d }. If these two points can be seen in the subdivision, then it belongs to a cone of the secondary fan of codimension two (see Figure 13 ). In fact, we can relate these weight classes (where we restrict to the parts where the two points can be seen) to the secondary fan in a way similar to Lemma 3.10 and 3.12. We have to add only part of the lineality space of the secondary fan however. We have to add the vector consisting of all y-coordinates of the m i (if we assume without restriction that the circuit Z is on the line {x = 0}). On the right, we get the union over all codimension 2 cones C T of the secondary fan whose corresponding marked subdivision T contains the polygon conv{m a , m b , m c , m d , m e } and has all those points marked. This is true because for any vector u ∈ C T , we can add a multiple of the vector of y-coordinates of the m i to make the heights satisfy u a = u b = u d and u e = u c .
In order to get tropical curves of maximal dimensional type, we thus have to study codimension 1 cones of the secondary fan that are part of the tropical discriminant, and codimension 2 cones that correspond to a marked subdivision containing a polygon conv{m a , m b , m c , m d , m e } with all those points marked and such that m a , m b and m d are on a line and m c and m e are on a parallel line. We do not allow white points in the corresponding marked subdivisions.
We go through the classification in 3.2 and check what information on the dual tropical curve we can deduce in addition by assuming that there are no white points in the marked subdivision.
(a) Just as in 3.2 (a) we get tropical curves with a vertex of multiplicity 3 at x 0 = (0, 0) which is dual to a triangle with one interior lattice point, resp. with a 4-valent vertex at (0, 0) whose dual polygon is a quadrangle not covering any other lattice points (see Figure 14) . . Since we do not want any white points, the two gray points have to be of minimal distance to the circuit Z, and they have to be vertices of polygons of the subdivision. The first case is that they are on different sides of Z (see Figure 15) . Again, we can weight class dual tropical curve subdivision
Figure 15. Type (b) with m c and m e on different sides solve for the coordinates (x 1 , y 1 ) and (x 2 , y 2 ) of the two vertices adjacent to the edge through (0, 0). Now we know that dual to these vertices, we have two triangles whose third vertices are at the same height. If we assume without restriction that the circuit is on the line {x = 1} and the vertex of the left triangle is at m c = (0, 0), then the equations to solve for (x 1 , y 1 ) and (x 2 , y 2 ) read:
where λ is the height of the two gray points and µ is the height of the circuit points. Without restriction we can assume that λ = 0 and µ > 0. Thus we conclude that the first vertex is at (−µ, 0) and the second at (µ, 0). In particular, the distances of both vertices to the singular point (0, 0) on the edge are equal. (b.2) Let us still consider flags as in 3.2(b), but now with the two gray points on the same side of the circuit Z. Again, the gray points have to be of minimal distance, and they have to be seen in the subdivision. Thus we can see a quadrangle with two parallel lines in the subdivision. If Z is not contained in the boundary of ∆, there must be a triangle whose vertex is of minimal distance in the subdivision on the other side of Z (see Figure 16 ). As above, we solve for the coordinates of the two vertices corresponding to weight class dual tropical curve subdivision 
where λ is the height of the gray points, µ is the height of the circuit points and ν is the height of the vertex of the left triangle. Without restriction, we can assume ν = 0, and 0 < λ < µ. Thus the 3-valent vertex is at (−µ, 0) and the 4-valent vertex is at (µ − λ, 0). In particular, the distance from the 4-valent vertex to the singular point x 0 = (0, 0) is smaller than the distance of the 3-valent vertex to (0, 0). If Z is contained in the boundary, we see just the 4-valent vertex, and (0, 0) on an infinite edge adjacent to this vertex.
Remark 4.1
The tropical variety Trop(ker(A)) is of dimension s − 4. In the above, we describe (part of) the variety as subsets of cones of the secondary fan. The subsets are cut out in the case (a) by the two conditions that the 4-valent vertex (resp. the vertex of multiplicity 3) of the tropical curve has to be at the point x 0 = (0, 0). In the cases (b.1), we ask an edge to meet (0, 0), and then in addition, we require the two adjacent lengths to be equal. In both cases we start with a codimension one cone of the secondary cone and then we cut out a codimension two subset. In the last case (b.2), we start with a codimension two cone of the secondary fan. But also, we cut out only a codimension one subset in here, since we only require an edge to meet (0, 0). The lengths of adjacent edges have to satisfy an inequality, but this does not cut down the dimension. Thus also in the last case we describe tropical curves of maximal dimensional type in our family.
5. The tropicalisation of the family of curves with a singularity in a fixed point which is not a torus point
In Remark 3.1 we have seen that for any choice of singular point (p, q) ∈ (C * ) 2 , we get the same tropicalisation for the family of curves with a singularity in (p, q). where we assume that the first block corresponds to the points m 1 , . . . , m k ∈ A that satisfy m i,2 = 0, the second block corresponds to the points with m i,2 = 1, and the last block corresponds to the points with m i,2 > 1. We assume that we have at least 3 points with m i,2 = 0 and at least 2 points with m i,2 = 1.
Let us compute a Gale dual for this matrix as in Section 3.1. 
For the flags of flats, we can deduce the following:
• The vectors corresponding to points which are not on the line {y = 0} or {y = 1} (i.e. corresponding to the last block) are independent. They can be anywhere in a flag.
• For the vectors corresponding to the second block, i.e. to points on {y = 1}:
if (and only if) in the flag we collected all but one of those vectors, then the last one belongs to the subspace, too.
• For the vectors corresponding to the first block, i.e. to points on {y = 0}:
if (and only if) in the flag we collected all but two of those vectors, the last two belong to the subspace, too.
For the corresponding weight classes, we conclude:
• The maximum of heights appearing on the line {y = 1} is attained twice, and • the maximum of heights appearing on the line {y = 0} is attained three times.
However, those two maxima can be in any relation to each other, and also in any relation to the heights of the points with y-coordinate larger than one.
What can we conclude for the possible subdivisions? The only thing we know for sure is that the three points on {y = 0} must be seen in the subdivision. If they form a polygon with vertices in {y = 1}, then these vertices have to be the two maximal points on this line. But they do not have to form a polygon with vertices in {y = 1}, they could also form a polygon with a vertex in the line {y = 2}. In Figure 18 , we show several possible subdivisions. The three maximal points on {y = 0} are drawn in dark grey, the two maximal points on {y = 1} in light graynot depending on whether they can be seen in the subdivision or not. If we compare this to tropical curves with a singularity in x 0 = (0, 0) that we studied in Section 3.2, we can see that we only get subdivisions where the circuit is of type (C) as in Remark 2.4 and is contained in the boundary on the line {y = 0}.
6. Algebraic lifts of tropical curves of maximal dimensional type with a singularity in a fixed point
For the following considerations we assume that K = C(t) is the algebraic closure of the field of rational functions over the complex numbers.
We would like to describe algebraic curves C ∈ Sing K (∆) which correspond to tropical curves T ∈ Trop(Sing K (∆)) of maximal dimensional type. We furthermore assume the following generality condition:
(G) T is a generic member in the interior of a top-dimensional cone of the tropical variety Trop(Sing K (∆)) corresponding to a maximal dimensional type, and C is a generic element of Sing K (∆) with Trop(C) = T .
Below we specify this generality assumption which breaks certain explicit relations.
As a particular consequence of our consideration, we give a conceptual explanation of the metric conditions for the type (b) curves (cf. Section 4).
Tropical limits of plane algebraic curves over K. We shortly recall the definition of tropical limits used in the sequel following [10] . A tropical curve T uniquely determines a convex piece-wise linear function ν : ∆ → R with max ν = 0. Note that with the notation introduced in Section 2 on Page 5 ν determines a defining tropical polynomial F = max{u ij + ix + jy | (i, j) ∈ ∆ ∩ Z 2 } for T via ν(i, j) = u ij . Without loss of generality, assume that T is defined over Q and that ν(∆ ∩ Z 2 ) ⊂ Z (the latter can be achieved by a suitable stretching of T ). An algebraic curve C ∈ |L ∆ | with Trop(C) = T is then given by an equation
where the a 0 ij ∈ C do not vanish since (i, j) is visible in the subdivision S T of ∆ induced by ν, and the O(t) are analytic functions in the disc D ε = {|t| < ε}. Evaluating (2) for t ∈ D ε \{0}, we obtain a family of curves C (t) ⊂ Tor C (∆) which admits a flat extension to t = 0 in the form Tor( ∆)
δ Tor(δ) with δ ranging over all polygons of the subdivision S T , and
splits into the limit curves C δ ⊂ Tor(δ) given by the equations
The data (T, {C δ } δ∈ST ) is called the tropical limit of C.
The fact that C has a singularity at the point p = (1, 1) is equivalent to the fact that C (t) has a singularity at (1, 1) for each t ∈ D ε \{0} (cf. [10, Lemma 2.3]). The (constant) family of points (1, 1) ∈ (C * ) 2 ⊂ Tor(∆) = Σ (t) , t ∈ D ε \{0}, has a limit point p ∈ Σ (0) . Two cases are possible:
2 ⊂ Tor(δ) for some polygon δ in S T ; then, in particular, the equality f (p) = f (1, 1) = 0 implies that the initial form in (0,0) f (1, 1) vanishes which forces the constancy of ν along δ, and hence ν vanishes there by our assumptions; furthermore, the limit curve C δ has a singularity at (1, 1) ;
is a common toric divisor; then ν vanishes along σ, and p ∈ C δ ′ ∩ C δ ′′ ∩ Tor(σ), where the pairwise intersection multiplicities are ≥ 2 (a transverse intersection point with Tor(σ) smoothes out in the deformation
In the second case we shall refine the tropical limit of C as described in [10, Section 3.5 and 3.6].
Curves of type (a). Let T be of type (a) introduced in Section 4. Then
• either the dual subdivision S T of ∆ consists of a triangle δ 0 of lattice area 3, which up to SL(2, Z)-action and translations coincides with the triangle conv{(0, 0), (2, 1), (1, 2)} (cf. Figure 20(a) ), and the remaining pieces are primitive lattice triangles (i.e. of unit lattice area);
• or S T contains a quadrangle δ 0 , which up to SL(2, Z)-action and translations coincides with the square conv{(0, 0), (1, 0), (0, 1), (1, 1)} (cf. Figure  20(b) ), and the remaining pieces again are primitive lattice triangles.
Observe that in this case all the edges σ of the subdivision S T have unit lattice length, and hence the limit curves C δ can intersect the toric divisors Tor(σ) ⊂ Tor(δ) only transversally, which allows only the option (i) for the limit singular point p ∈ Σ (0) described above. More precisely, the curve C δ0 has a node at p = (1, 1) being irreducible if δ 0 is a triangle (since the sides of ∆ 0 have unit length), or reducible if δ 0 is a parallelogram, whereas the remaining limit curves (corresponding to primitive triangles) are nonsingular. In both the cases, C is a nodal curve of genus g = #(Int(∆) ∩ Z 2 ) − 1, and we can define a natural parametrisation of T of genus g (cf. with a canonical tropicalisation in [14] ):
• if δ 0 is a triangle, then T is self-parameterising of genus g, • if δ 0 is a parallelogram, then we resolve the four-valent vertex x 0 = (0, 0) of T , obtaining the refined tropical curve T of genus g as a parameterising graph of T (cf. Figure 20(c) ). Figure 15 ), then S T consists of triangles, all of them but two δ ′ , δ ′′ shown in Figure 15 being primitive, and all the limit curves C δ are nonsingular. Hence, we have the option (ii) for the limit singular point p, which then must belong to Tor(σ), where σ = δ ′ ∩δ ′′ is the common edge of length 2 spanned by the circuit Z (cf. Section 4). Furthermore, the limit curves C δ ′ , C δ ′′ must be quadratically tangent to Tor(σ) at p (formally, we have an option of two transverse intersection points, however, it is not possible in our situation, since such points are smoothed out in the deformation C (t) , t ∈ (C, 0)). Now we are going to refine the tropical limit of C as described in [10, Section 3.5]. Geometrically it corresponds to a blow up resolving the considered singularity. Without loss of generality, assume that σ is vertical (cf. Figure 15) . Consider the polynomial f (x, y) = f (x, y + 1) .
It defines a curve C ⊂ K × K * with a singularity at p = (1, 0). Note that this refined tropical curve is a member of the family we described in Section 5, and indeed we will see that the refined tropical curve has a fat down end. Denote by T its tropicalisation and by ν : ∆ → R the corresponding concave piece-wise linear function on its Newton polygon ∆. The fragment (δ ′ , δ ′′ , C δ ′ , C δ ′′ ) of the tropical limit of C turns into the fragment ( δ ′ , δ ′′ , δ σ , C δ ′ , C δ ′′ , C σ ) of the tropical limit of C (see Figure 21(a) ), where C σ is a curve in the toric surface Tor(δ σ ), δ σ = conv{(k − 1, 0), (k, 2), (k + 1, 0)}, having a singularity at p = (1, 0). Observe that, since p appears on the toric divisor Tor( σ), where σ = [(k − 1, 0), (k + 1, 0)], and since f (1, 0) = 0, which implies in (0,−∞) f (1, 0) = 0 we can conclude that the values ν(k − 1, 0) and ν(k + 1, 0) must be equal. In view of the clear relations ν(k − 1, 0) = ν(m c ) and ν(k + 1, 0) = ν(m e ), this confirms the equality ν(m c ) = ν(m e ), equivalent to the metric relation l 1 = l 2 for the tropical curve T shown in Section 4. by the tropical plane P in R 3 which consists of three half-planes:
P + = {y ≥ 0, y = z}, P − = {y ≤ 0, z = 0}, P 0 = {y = 0, z ≤ 0} , and introduce the projection π : P → R 2 , π(x, y, z) = (x, y) .
Then the tropical curve T ⊂ R 2 lifts to a tropical curve T * ⊂ P
1 The above refinement can be interpreted as the (weighted) blow-up of the toric variety Tor( e ∆) at the point p which replaces it by the exceptional divisor Tor(δσ) (cf. [11, Section 2] ).
• the part T \E lifts to π −1 (T \E) ∩ (P + ∪ P − ), • the edge E is replaced by the fragment dual to the triangle δ σ placed in P 0 (see Figure 21(b) ), whereas the (tropical) singular point x 0 = (0, 0) lifts to the (infinite) univalent vertex x 0 of the vertical ray of the above fragment.
The map π : T * → T provides a canonical parametrisation of T of genus g.
Curves of type (b.2). In this case, the edge σ of the subdivision S T spanned by the circuit Z has lattice length 2 and is common for a triangle δ ′ and a trapeze δ ′′ , altogether containing 6 integral points (see Figure 22(a) ). Without loss of generality assume that σ is vertical (see Figure 22(a) ). Then the function ν : ∆ → R satisfies the following:          ν σ = 0, ν(k, j) < 0, (k, j) ∈ σ, ν(m) = α < 0, ν(k − 1, j) < α, (k, j) = m, ν(m c ) = ν(m e ) = β < 0, ν(k + 1, j) < β, (k, j) = m c , m e , ν(k + s, j) < sβ, s ≥ 2 .
Due to the generality condition (G), we can assume that α < β (the inequality α ≤ β is included in the definition of the corresponding cone of Trop(Sing K (∆))). The limit point p belongs to Tor(σ), since the function ν : ∆ → R vanishes only along σ. Then the limit curve C δ ′ is nonsingular and quadratically tangent to Tor(σ) at p. The limit curve C δ ′′ either is nonsingular, quadratically tangent to Tor(σ) at p, or splits into two components transversally intersecting at p. The former option is not possible, since, otherwise, the refinement used in the preceding stage would lead to a subdivision containing the triangle δ σ as in Figure 21(a) , and hence to the equality α = β against the assumption made. Thus, C δ ′′ is reducible as indicated above.
Let f (x, y) = f (x, y + 1). In view of (4), the fragment (δ ′ , δ ′′ ) of the subdivision S T of ∆ turns into a fragment of the subdivision S b T (in the notation of the preceding step) containing the two edges shown in Figure 22 
